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Abstract 

Ground source TCCO2HP systems have garnered attention for their potential in enhancing 

energy efficiency in residential settings. Recognizing their significance, this study delves into 

the creation of a high-fidelity physical model of such a system tailored for a standard detached 

residential suite. The comprehensive heating system was meticulously broken down into 

subsystems, categorized by their energy carrier domain and specific functionality. To 

implement Model Predictive Control (MPC), a mathematical representation encapsulating the 

system's dynamic behaviour was derived. This representation was subsequently refined and 

integrated into the MPC framework as an internal state prediction model. To validate the 

effectiveness of the models, they were tested against a hypothetical residential scenario. This 

involved analysing the system's performance under diverse weather conditions and 

comparing it with conventional controllers. The findings were promising. The MPC not only 

outperformed in ensuring optimal thermal comfort but also steered the transcritical 

operation towards a consistently higher and more stable Coefficient of Performance (COP). 

This research underscores the potential of MPC in optimizing the performance of ground 

source TCCO2HP systems in residential applications. 

Table of contents 
List of figures .............................................................................................................................3 

Introduction ..............................................................................................................................4 

Carbon dioxide as a trending refrigerant ..............................................................................5 

Gap in design and controlling knowledge for CO2HP. ...........................................................6 

Model predictive control ......................................................................................................7 

Objectives ..............................................................................................................................8 

Scope .....................................................................................................................................9 

Outline ..................................................................................................................................9 

2. Literature review .............................................................................................................10 

Distinct characteristics of carbon dioxide ...........................................................................10 

Transcritical CO2 heat pump systems ..................................................................................12 



2 
 

Heat pumps in building heating systems ............................................................................15 

Model predictive control ....................................................................................................18 

3. Methods ..........................................................................................................................21 

1. Theoretical framework .................................................................................................21 

System Description .............................................................................................................22 

2. Thermal model of the building .............................................................................24 

3. Trans critical Co2 heat pump ................................................................................29 

4. Ground coupling model ........................................................................................35 

5. Control-oriented system model ...................................................................................38 

6. Prediction model ...................................................................................................38 

7. Model predictive control design ...........................................................................42 

8. Objective function .................................................................................................43 

9. Prediction and optimization .................................................................................44 

4. Simulation case study .....................................................................................................46 

1. Sizing of the components ......................................................................................46 

2. Transcritical CO2 heat pump .................................................................................48 

3. Water tank sizing ..................................................................................................49 

Simulation scenarios ...........................................................................................................50 

5. Results .............................................................................................................................50 

6. Discussion ........................................................................................................................53 

Linear MPC vs. Nonlinear Realities ......................................................................................53 

The Merits of Reactive Control ...........................................................................................54 

The Holistic Approach of MPC .............................................................................................54 

7. Conclusion .......................................................................................................................54 

8. References ......................................................................................................................55 

9. .............................................................................................................................................59 



3 
 

 

List of figures 

Figure 1 Gradient of thermal conductivity of CO2 around the critical region. with respect to a) 

temperature, b) pressure [42]. ...............................................................................................10 

Figure 2 Sudden change of density of CO2 near the critical region [42]. ................................11 

Figure 3 Nonlinear thermal conductivity characteristic of CO2 in relation with density [42]. 11 

Figure 4 Pressure vs enthalpy diagram of CO2 compression cycle in a) subcritical mode, b) 

transcritical mode. [41]. ..........................................................................................................12 

Figure 5 Temperature vs entropy diagram of transcritical heat pump cycle, featuring a sharp 

temperature glide [43]. ...........................................................................................................13 

Figure 6 Heat pump performance indicators as a function of discharge pressure [43]. .........13 

Figure 7 Schematic of a proposed CO2 heat pump for space heating and hot water [49]. .....16 

Figure 8 Layout of the proposed TCCO2HP residential heating system. .................................23 

Figure 9 Schematic of Simscape building model. ....................................................................25 

Figure 10 Radiator sub-model in Simscape. ............................................................................25 

Figure 11 Pre-heating sub-models in Simscape. .....................................................................26 

Figure 12 Domestic hot water tank model in Simscape. .........................................................27 

Figure 13 Thermal energy storage tank model in Simscape. ..................................................28 

Figure 14 Integrated building dynamic model in Simscape. ...................................................29 

Figure 15 A simple representation of heat pump cycle, pinpointing the process states. .......30 

Figure 16 Model of TCCO2HP in Simscape. .............................................................................35 

Figure 17 Lyaout of a U shape horizontal ground pipes [74]. .................................................36 

Figure 18 Ground heat exchanger model in Simscape. ...........................................................37 

Figure 19 Complete physical model of the TCCO2HP rsidential heating system in Simscape.

 ................................................................................................................................................37 

Figure 20 Flow chart of the MPC mechanism. ........................................................................43 

Figure 21 3D layout of the building model in IDA ICE. ............................................................46 

Figure 22 Occupancy gain profiles in the building. a) occupant precences, b) equipment and 

light consumption intensities. .................................................................................................47 

Figure 23 Energy consumption profile of the building in the studied year. ............................48 

Figure 24 Cumulative curve of energy consumption during a year. .......................................49 

 



4 
 

Introduction 

Climate change and its potentially severe consequences has been a worldwide concern for 

the past few decades. Reduction of Greenhouse Gas (GHG) is nentral to all the mitigation 

strategies and action plans, especially carbon dioxide. Reducing CO2 is considered the most 

important global warming action primarily because it is the most abundant GHG emitted by 

human activities, accounting for roughly 75% of total GHG emissions [1]. Besides, reducing 

CO2 is vital for long term climate sustainability. Carbon dioxide has a long atmospheric 

lifetime, lasting between 50 to 200 years, which means that it continues to contribute to 

global warming for an extended period after it is emitted. In addition, CO2 is emitted from a 

wide range of human activities, including the burning of fossil fuels for electricity generation, 

transportation, and industrial processes [2]. In 2020, the global energy consumption of 

residential buildings was reported 22%, and the carbon dioxide (CO2) emissions associated 

with them increased to the highest share of 17% [1, 3]. The majority of the energy usage in 

residential buildings in European Union (EU) is dedicated to heating services for domestic hot 

water (DHW) consumption and space heating (SH) [1]. With the expected population growth 

in the coming years, the energy demand for residential buildings will rise remarkably. Thus, 

taking rigorous actions to increase energy conversion efficiency both at component and 

system levels is vital [1, 3]. In this regard, EU has established several progressive directives 

and legislation, promote high energy efficiency and decarbonization in the building sector by 

2050. In general, to achieve carbon neutrality in the building sector improvement actions are 

over three main axes, 1) clean and renewable energy generation, 2) energy conversion and 

distribution efficiency, 3) energy consumption reduction and management. However, the rate 

of integration of renewable energy sources (RES) in building thermal energy system has been 

ahead of technological improvements in energy conversion efficiency and reduction of energy 

demands [3]. 

In recent years, there has been a noticeable increase in research and development of building 

energy systems powered entirely by heat pumps. This surge is driven by policies and 

legislation focused on improving building energy efficiency and considering environmental 

impacts [4]. Heat pumps are proven to be sustainable solutions for supplying residential 

heating, using the abundant low-grade heat from surroundings (e.g. air, water, ground, etc.) 

as the heat source. Besides, heat pumps are able to facilitate the integration of other modern 
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building energy technologies such as local renewable energy generation and thermal energy 

storage [5-7]. To date, the working principle of heat pump systems is well-established. 

However, the improvement potentials are still largely untapped, mainly due to the limited 

capacity, delivered temperature ranges, and environmental impacts of conventional systems 

working with synthetic refrigerants. 

Carbon dioxide as a trending refrigerant  

Over the last decades, heat pump solutions for modern residential buildings have matured. 

This progress is not just due to advancements in energy infrastructure, but also the 

development of synthetic refrigerants. These refrigerants offer reliable operation and 

manageable manufacturing complexity, allowing them to work with traditional control 

mechanisms. This has accelerated the commercialization of heat pumps. [8]. However, 

following the Montreal protocol on the protection of the ozone layer in 1987, synthetic 

refrigerants are actively being planned to be phased out and replaced by natural refrigerants 

worldwide [9-11]. This has triggered rigorous research and developments of heat pump 

system designs using natural refrigerants [12].  

Among other refrigerants, CO2 is a well-known refrigerant featuring zero ozone layer 

depletion potential and the lowest global warming potential. In addition, CO2 has proven to 

be superior due to relatively higher efficiency and delivered temperatures when operating in 

trans-critical, while being nontoxic (unlike Ammonia) and non-flammable (unlike Ethane) [8, 

13]. It is proven that the unique sensible heat dissipation process in the supercritical region 

of CO2 can heat water to high temperatures [14, 15] [7].  Hence, a transcritical CO2 heat pump 

(TCCO2HP) technology might be a suitable option when a large temperature difference in the 

heat delivery side exists [7, 16, 17]. This could be the case with residential heating, as the 

thermal energy demand of buildings varies depending on the season, time of the day, and 

end-use purpose. Systems for hot water supply often experience high-temperature 

differences between supply and return, while space heating applications require less 

temperature gap in the circuit [7]. Given this compatibility, the potential for significant energy 

savings becomes evident, especially when viewed from a global user market perspective  [12] 

[14].  
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Gap in design and controlling knowledge for CO2HP. 

In recent times, the home application of CO2 heat pumps has earned acclaim, both for its 

potential to enhance energy efficiency and better the quality of human life [12]. However, 

the widespread utilization of TCCO2HP for households is still hampered by a lack of efficient 

design and control solutions that tackle the distinct operating challenges associated with the 

trans-critical CO2 vapour compression cycle. Compared to conventional subcritical heat 

pumps, TCCO2HP operates at higher pressure levels, necessitating a sophisticated compressor 

design and control [18]. Due to the sensitivity of optimal performance on multiple sizing and 

operational criteria, issues such as increased exergy loss at the gas cooler and expansion 

valve, and control design malfunctioning in realistic operation conditions are prevalent [2, 

19]. For example, one of the most sensitive performance parameters is the heat exchanging 

process at the gas cooler with trans-critical CO2 [16]. A high coefficient of performance (COP) 

for the TCCO2HP demands an optimal tuning of the water temperature rise, as it determines 

the heat exchange efficiency at the gas cooler. This feature greatly distinguishes the robust 

design and control approaches for TCCO2HP from the conventional sub-critical heat pumps 

[20]. Moreover, the coupling of TCCO2HP with advanced sustainable energy solutions in the 

buildings and occupants’ consumption patterns can aggravate the control and operational 

burden of TCCO2HP.  

Previous research has shown both merits and challenges of compression cycle of co2 near its 

critical point [16, 21-26]. Many studies attempted to characterize the heat pump performance 

in transtritical region, have found an optimality of states, in which the efficiency is maximized. 

Investigations on developing procedures for the optimal control of TCCO2HP in relation to 

various energy dynamics in TCCO2HP, shows multitude of factors such as compressor 

discharge pressure [27, 28], expansion valve position [27], water return temperature [23], and 

mass flow rates, having significant impacts on the optimal operation range [2]. Several 

experimental and numerical designs TCCO2HP have been proposed with distinct 

enhancement features [29]. 

While there has been a noticeable upswing in research related to CO2 heat pumps in recent 

years, with a particular focus on optimizing transcritical operations, the real-world application 

of such systems for residential contexts remains under-explored. A significant portion of these 

studies tend to revolve around design and performance correlations tailored specifically for 
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air source systems. Conversely, the exploration into water-water CO2 heat pumps has been 

limited, and ground-coupled solutions appear to be even more scant [30, 31]. The potential 

advantages of ground-coupled systems are noteworthy. The ground, due to its relatively 

consistent temperature throughout the year, offers a stable heat source. This stability can 

make heat extraction less strenuous and, in turn, alleviate the control demands of the vapor 

compression cycle. Given that the designing of an appropriate configuration and controlling 

the system around the optimal operating point present inherent challenges, integrating 

advancements in optimal control methods coupled with alternative sustainable solutions for 

building energy systems can offer significant benefits. 

Model predictive control 

Traditional control strategies, such as PID or on/off controllers, operate on a reactive basis. In 

these systems, a sensor first detects a disturbance signal, and then a corresponding control 

action is applied. These strategies are been used in many control systems due to their 

simplicity, reliability, and ease of implementation [32, 33]. On the other hand, Model 

Predictive Control (MPC) represents a more advanced and proactive approach to system 

control. Instead of merely reacting to disturbances, MPC anticipates future events by solving 

an optimization problem based on the current state or model of the system. This optimization 

aims to devise a control scheme that minimizes an objective function over a defined 

prediction horizon. While doing so, it takes into account system constraints, current control 

trajectories, and potential future disruptions [34, 35]. A key strength of MPC lies in its ability 

to incorporate the relationship between system inputs and outputs, their dynamics, and 

feedback loops into its prediction model. This comprehensive modelling is central to the MPC 

concept and allows for a more adaptive control strategy [32, 36]. Furthermore, system 

constraints can be directly integrated into the MPC, which not only streamlines the design 

process but also refines the objective function. This embedded consideration of constraints 

ensures that the system operates within safe and efficient parameters, reducing the risk of 

overshoots or system instability [34, 37].    

Numerous studies on the development of predictive control concepts together with the 

advancement of data processing techniques during the past decade revealed both practical 

limitations and improvement potentials for building energy systems [34, 37-39]. Although 

some viable options for MPC solutions for single optimization applications are currently 
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available, implementation of MPC in advanced building energy systems reported challenges 

such as high dependency on the quality of the future forecasts [34, 39]. Due to high 

computational complexity, most of the previous methods were proposed for a limited 

number of system states and often did not include most of the smart building features [40].  

Regarding the optimal control of TCCO2HP, MPC stands out primarily due to its inherent 

versatility and adaptability to changing conditions. This might turn TCCO2HP well-suited for 

integration with modern building energy technologies, such as short- and long-term thermal 

energy storages, solar and wind power systems. Yet currently the integration of MPC and CO2 

heat pump operations remains an underrepresented area of study. As such, there lies a 

promising avenue for research, which can explore the potential synergies between MPC and 

CO2 heat pumps, especially in residential settings. 

One of the most challenging parts of the TCCO2HP development for buildings heating systems 

is the identification of optimized design and control solutions with respect to the building 

energy dynamics, including the construction properties, HVAC and DHW systems, and other 

processes with a desirable balance between accuracy and computational burden. In this 

regard, often the model characteristics are defined in isolation which usually limits inherent 

prediction strength of the MPC structure. Alternatively, data-driven approaches for the 

systematic design of MPC are gaining attention because the complex human-system 

interactions as well as partial or unstable input-output relations can be treated more 

effectively [34, 37-39]. However, the effectiveness of these approaches is highly dependent 

of the available data about the behaviour of the system. The highly nonlinear characteristic 

of energy processes in buildings demands for holistic high-fidelity models or sophisticated 

data-driven models.  

Objectives 

This research aimed to address the current demand for efficient design and control of 

TCCO2HPs for residential sector. In particular, the objective of this study is to perform an 

analysis on the potentials of MPC to improve operation of residential ground source 

TCCO2HPs. In this regard, this study endeavours to: 

1. Design and establish a dynamic model of a ground sourced TCCO2HP system to meet 
residential hot water and space heating demands. 
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2. To implement an MPC approach for control of the building energy system. 
3. To evaluate the performance of the MPC-controlled TCCO2HP in terms of energy 

conversion efficiency, Thermal comfort satisfaction. 

Scope 

This research focuses on the key components of a modern residential heating system, which 

includes the building's structure and the energy conversion processes driven by the heat 

pump cycle. While the study delves into the core heat transfer characteristics of TCCO2HP, it 

does not go into the intricate, case-specific designs of every equipment within the system. 

Essentially, the research provides a broad overview of TCCO2HP technology, aiming for the 

findings to be applicable across various contexts.  

Outline 

The structure of this thesis unfolds as follows: Chapter 2: Literature review, delves into the 

theoretical background, laying the foundation for the study. Chapter 3: Methods, elucidates 

the methods used for developing physical modelling of the residential TCCO2HP systems, as 

well as designing a suitable MPC controller for the system . The subsequent Chapter 4: Case 

study, presents a case study, offering a practical perspective into the presented method. 

Chapter 5: Results, showcases the results, which are then critically analysed in Chapter 6: 

Discussion. Finally, Chapter 7: Conclusion, concludes the thesis, summarizing the key findings 

and their implications. 
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2. Literature review 

To comprehend the dynamics and characteristics of CO2 heat pumps, especially when applied 

to residential heating, it's crucial to delve into the fundamental theories and historical 

developments. This chapter explores the fundamental principles of CO2 as a refrigerant, its 

role in heat pumps, and the transformative impact of MPC in ensuring optimal operations. 

Furthermore, the chapter will highlight the potential of MPC in enhancing the performance 

of TCCO2HP for domestic thermal energy supply. By drawing from previous findings, this 

chapter lays the groundwork necessary to model and control a ground sourced TCCO2HP for 

residential heating. 

Distinct characteristics of carbon dioxide  

utilizing CO₂ as a working medium introduces specific challenges and advantages due to its 

unique thermodynamic properties. Upon reaching a critical temperature of 31.1 °C and a 

critical pressure of 73.7 bar, CO₂ transitions into its supercritical phase. Close to critical point, 

CO₂ displays erratic thermodynamic characteristics similar to both gas and liquid phase. As 

shown in Figure 1 and Figure 2, its density and thermal conductivity varies significantly [41] 

[42]. 

 

Figure 1 Gradient of thermal conductivity of CO2 around the critical region. with respect to a) 
temperature, b) pressure [42]. 
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Figure 2 Sudden change of density of CO2 near the critical region [42]. 

In supercritical phase the clear boundary that typically separates liquids and gases is not 

distinguishable. This means that small changes in temperature or pressure can lead to 

significant changes in density, which in turn affects the thermal conductivity. This can be 

shown in Figure 3 [42].  

 

Figure 3 Nonlinear thermal conductivity characteristic of CO2 in relation with density [42]. 
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Crucially, high design pressures are necessary for transcritical operation. CO2 has a high vapor 

density and a correspondingly high volumetric heating capacity. This allows a smaller volume 

of CO2 to be cycled to meet the same heating demand, resulting in smaller components and 

a more compact system [41]. However, the design and manufacturing complexities of such 

operating condition previously contributed to CO2's market decline circa 1940. Today's 

advanced manufacturing technologies and rich knowledge base have broadened the 

landscape of optimization of CO2's attributes in compression cycles [2, 13]. 

Transcritical CO2 heat pump systems 

Traditional heat pumps operate entirely beneath the critical point of the chosen refrigerant, 

where the heat is absorbed as the refrigerant evaporates under low pressure, and released 

when the high-pressure refrigerant condenses. In contrast, transcritical heat pumps diverge 

in the heat rejection process. Instead of leveraging condensation, the refrigerant pressure 

exceeds the supercritical threshold, leading to a heat ejection through sensible cooling of CO2 

gas [41]. This distinction is visualized in pressure vs enthalpy diagrams in Figure 4. In the 

transcritical cycle, the conventional condenser is replaced with a gas cooler for heat rejection. 

 

Figure 4 Pressure vs enthalpy diagram of CO2 compression cycle in a) subcritical mode, b) 
transcritical mode. [41]. 

 In a subcritical heat pump cycle, the low critical temperature restricts the operating 

temperature range. Heat cannot be delivered at temperatures exceeding the critical 

temperature. Moreover, at temperatures slightly below, the enthalpy of vaporization 

decreases, leading to a reduction in heating capacity and system performance. At more 

elevated heat sink temperatures, transcritical operation becomes requisite. A representative 

CO2 process is depicted in Figure 5, illustrating the transcritical CO2 cycle. The heat rejection 

under supercritical pressure is associated with a sliding temperature instead of a stable 
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condensation temperature [41]. The management of this process necessitates controlling the 

high-side pressure to achieve peak efficiency. 

 

Figure 5 Temperature vs entropy diagram of transcritical heat pump cycle, featuring a sharp 
temperature glide [43]. 

The coefficient of performance (COP), for a heat pump is defined as the ratio of its heat 

rejection capacity and compressor mechanical work input . Figure 6 provides an overview of 

how heating capacity, COP, and compressor shaft power fluctuate relative to the compressor 

discharge pressure in supercritical region [41] [43].  

 

Figure 6 Heat pump performance indicators as a function of discharge pressure [43]. 

A sharp initial rise in heating capacity can be observed, which subsequently stabilizes at higher 

discharge pressures. Furthermore, compressor shaft power exhibits a near-linear escalation 

with discharge pressure. A efficiency peak can be seen at a specific optimum discharge 
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pressure. This variance COP around this optimal region depends on factors such as boundary 

conditions, the compressor's isentropic efficiency curve, and the configuration of the heat 

pump system. A comprehensive elucidation is available [43]. 

In subcritical operation, the efficiency (COP) is primarily confined by the apex of the heat sink 

temperature. However, in transcritical scenarios, the limiting factor for COP shifts to the 

minimal refrigerant temperature attainable post heat rejection. In essence, the lowest heat 

sink temperature sets the boundary. Hence, a heat distribution system with an elevated 

temperature glide seems favorable for CO2 heat pumps [31]. A common oversight in 

comparing the energy efficiency of CO2 to other fluids is assuming the same temperature 

patterns at the cooler's end for both systems. This often disadvantages CO2. A fairer 

comparison would be to equate the average temperature differences in heat exchangers, 

ensuring consistent standards for temperature trends [8, 31, 41]. The heat distribution 

system's design must acknowledge this distinction.  

The effective utilization of the transcritical cycle is requires addressing the significant pressure 

difference and the specific nature of the gas cooling process. Optimization of this cycle 

requires an understanding of its distinct components and operating parameters. For heating 

applications that need a considerable temperature increase, the transcritical cycle's proved 

advantageous compared to the condensation process [41]. In a transcritical CO2 system, the 

pressure difference between heat rejection and heat absorption is more pronounced than in 

a typical subcritical system. Additionally, the pressure ratio in transcritical systems is often 

lower. This lower pressure ratio enhances the efficiency of the transcritical system's 

compressor [44]. 

A unique aspect of the supercritical region is the independence of temperature and pressure 

values. This means that the CO2 temperature post the gas cooler isn't tied to its internal 

pressure. This temperature is pivotal as it dictates the heat pump's efficiency by determining 

the heat release amount [8, 41]. Efforts in optimization primarily focus on pinpointing the 

ideal gas cooler outlet temperature that aligns with the peak operating pressure. Existing 

correlations that link the heat transfer coefficient and pressure drop in various scenarios are 

not precise for CO2. For reliable numerical modeling of transcritical heat pump systems that 

use CO2, accurate correlations to forecast the heat transfer coefficient and pressure drop 

during supercritical gas cooling, as well as single-phase heating and cooling are needed [45]. 
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Multiple simulations have shown that there's an ideal gas cooler pressure for a specific gas 

cooler outlet temperature [41]. 

There are recognized challenges in the CO2 system, including suboptimal heat exchanger 

design, water temperature complications, and variable system pressures. Despite these 

challenges, there's potential for refining the CO2 system's performance [46]. It's evident that 

further advancements in this domain are on the horizon. Recent research underscores the 

adaptability of trans-critical CO2 cycles, especially for water and air heating applications. 

Heat pumps in building heating systems 

Refrigeration cycles in buildings are generally used for heating and cooling of either air or 

water, mainly for the purpose of space heating, and domestic hot water. These two heat 

rejection mediums present varying heat transfer behaviour in the gas cooler. The same point 

is valid for evaporator. The heat source of a heat pumps in buildings are commonly air, water, 

or ground. The operating condition of the heat pump is therefore highly dependent on the 

characteristics of its source and sink. Heat rejection in supercritical region, as discussed earlier 

is characterized by a wide temperature glide, making this type of process suitable for high 

temperature applications. Water heating by traditional heat pumps are restricted to their 

evaporation temperature, thus could not exceed 55 °C. On the contrary, CO2 heat pumps are 

able to deliver up to 90°C water with minor performance degradation. studies on residential 

transcritical heat pumps suggested promising outcomes [8, 47, 48].  

A notable expansion in the market potential for CO2 heat pumps can be envisioned if they 

can efficiently cater to space heating needs, alongside the already established benefits for 

water heating. The best performance can only be achieved when the gas cooler outlet is low 

enough. In building DHW and space heating demands are typically required at temperature 

different temperature levels. This provides an excellent opportunity to exploit the 

supercritical CO2 gas cooling.  A system layout for a space and water heating was proposed 

by [49] as depicted in Fig. 5. 



16 
 

 

Figure 7 Schematic of a proposed CO2 heat pump for space heating and hot water [49]. 

To optimize system efficiency, the design incorporates a series-connected radiator and air 

heating system. This arrangement aids in ensuring the lowest feasible return temperature. 

The design also implies a preliminary heating approach for tap water, functioning in parallel 

with space heating. Tapping into the hot discharge gas facilitates reaching the desired hot 

water temperature.  

Choice of the heat source for the heat pump is a critical design factor, as it determines the 

heating capacity of heat pump . Besides the resource availability and economic justifications, 

the desired thermal performance can only be expected when the heat absorption from 

surrounding is sufficient and reliable for a given operation mode. In general, higher 

evaporation temperature leads to higher heating capacity. On the other hand, the 

evaporation temperature is limited by the source. The operation range of CO2 allows for 

exploiting heat from surrounding as cold as -20°C. Hence, previous studies on transcritical 

application in buildings mostly investigated the air-sourced heat pump and refrigeration 

systems. Ground thermal energy has attracted attention during the past decade in all sectors. 

Ground source heat pumps have been subject of research by many authors, indicating the 

performance improvements achieved from a more stable and higher temperature source [30, 

31, 50, 51]. 

Ground source heat pumps (GSHPs) exhibited superior performance over traditional air-

source HPs, primarily due to the ground's stable temperatures. Heat is drawn from the earths 

thermal energy capacity in GSHP systems using a ground heat exchanger (GHE) filled with a 

carrier fluid. Despite considerable research on conventional GSHP systems, their market 
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adoption remained limited due to their initial costs and extended return on investment 

periods. In more recent times, direct-expansion ground source heat pumps (DX-GSHPs) have 

seen increased focus. In these setups, refrigerants within the GHE undergo evaporation, 

directly extracting heat from the soil [30]. A transcritical DX-CO2 GSHP was constructed, and 

its performance was assessed across three building heating applications, spanning low to high 

water temperature demands. The findings revealed superior efficiency and capacity in lower 

temperature demands, with the system's peak COP reached approximately up to 4 during 

radiant floor heating operation [30]. 

An experimental study was conducted on a transcritical CO2 air source heat pump (ASHP) 

paired with thermal energy storage (TES) for residential heating applications. This setup 

yielded a COP near 20% higher than a standalone air source heat pump. Meanwhile, an 

equivalent amount of COP reduction was observed when the inlet water temperature at the 

gas cooler rose. In addition, utilizing a TES, the expansion valve adjustments of heat pump 

was more efficient, leading to lower expansion losses. An extensive investigation of air 

heating systems with CO2 heat pump was performed in [52, 53]. Authors utilized a ground-to-

air heat exchange mechanism to preheat the air. This solution yielded a warmer air source for 

evaporator even in the coldest weather conditions.    

In a combined heat pump water heater and space heating application, the gas cooler's 

partitioning can optimize the temperature profile to closely match that of CO2, thereby 

beneficially utilizing the temperature glide. this concept was explored by [54] both 

experimentally and theoretically. The study found that the COP was highest during combined 

mode operation, while slightly decreased in only water heating. During the space heating 

alone the COP was at the lowest. This observation was in contrast with heat pumps using 

conventional refrigerants, where space heating alone typically achieves the best COP [54]. 

Previous studies have shown the superior performance of TCCO2HP water heaters compared 

to traditional systems. The magnitude of CO2 charge and expansion valve opening degree 

were found able to significantly change COP by imposing varying optimal sizing criteria for 

components of the heat pump, including heat exchange areas [25]. Experimental analyses 

and simulations of TCCO2HPs for residential space heating showed that high water 

temperature entering the gas cooler decreases the COP by increasing the compressor's 

optimal discharge pressure and the expansion valve losses while utilizing latent thermal 
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storage acting as a sub-cooling device connected to the heating system was found beneficial 

in terms of overall system COP [55, 56]. Subcooling mechanisms for the gas cooler outlet CO2 

by employing dedicated mechanical subcooling have been proposed in recent research as a 

potential solution for preventing COP degradation when the return water temperature from 

the heating system is high [24, 26].  The optimal design of components for a water-sourced 

TCCO2HP utilized for domestic hot water generation was investigated through experimental 

and numerical analysis. It was concluded that for the delivered water temperatures between 

35°C to 45°C the optimal discharge pressure was independent of the water temperature at 

the evaporation inlet. On the contrary, for high-temperature water supply at the gas cooler, 

the optimal discharge pressure highly varies with the evaporator water inlet [47]. 

Experimental performance analysis of TCCO2HP showed the mass flow rate of the hot water 

at the inlet of the gas cooler affects the optimal discharge pressure, COP, and refrigerant 

temperature exiting the gas cooler [23, 48]. Controlling the mass flow rate could be an 

effective method to obtain higher temperatures with a minimal penalty on COP [23]. 

Moreover, a higher water source temperature could yield significantly higher heating 

capacity, while increasing COP and the optimal discharge pressure [48].  

Given the multivariate performance characteristic of the TCCO2HPs and the high dependency 

of the optimal operation on system components, design layout, and real-time operating 

conditions, conventional control and design optimization methods may not be able to 

sufficiently adapt to system dynamics when working in the trans-critical region. Hence, the 

development of optimal control strategies for complex energy systems has become today's 

research hotspots in this regard [21, 29, 57, 58]. 

Model predictive control 

In essence, the goal of an optimal control problem is to determine a suitable time-dependent 

input for a dynamic system. This ensures that the system's internal variables trace an 

acceptable path, all while minimizing a specific performance measure. When solved, these 

control problems repeatedly in real-time, lay the foundation for control methods grounded 

in optimization, like MPC [59].  The basic concept of MPC is to use a dynamic model to forecast 

system behaviour, and to optimize the actuations to operate under the best sequence of 

decisions (the control move at the current time).  
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In the context of building energy control and management, MPC plays a pivotal role in 

ensuring energy efficiency, comfort, and sustainability. Buildings are significant consumers of 

energy, and their consumption patterns can be highly variable. MPC, with its predictive 

capabilities, can anticipate energy needs based on occupancy, weather forecasts, and other 

relevant factors. Thus, it ensures that energy is used optimally, reducing wastage and costs 

[32, 36, 60-62]. 

One of the primary objectives in building management is to ensure the comfort of its 

occupants. MPC can balance energy-saving goals with comfort requirements, such as 

maintaining optimal temperature and humidity levels. By predicting the thermal behavior of 

a building, MPC can make proactive adjustments to HVAC systems, ensuring a comfortable 

environment [32]. As buildings increasingly integrate renewable energy sources like solar 

panels, there's a need for sophisticated control strategies. MPC can optimize the use of 

renewables by predicting their output (e.g., solar energy generation based on weather 

forecasts) and adjusting building operations accordingly [34, 63, 64]. In times of peak energy 

demand on the grid, buildings can be significant contributors. MPC can participate in demand 

response programs, where it adjusts building energy consumption in real-time to alleviate 

grid stress, all while ensuring that comfort and operational needs are met [62, 65, 66]. By 

optimizing energy consumption patterns, integrating renewables effectively, and 

participating in demand response programs, MPC can lead to significant cost savings for 

building operators and owners [67]. To successfully implement MPC for buildings, it is 

essential to have a dynamic building model that balances accuracy with simplicity. For 

example, the resistance–capacitance model has been used vastly for its effectiveness in 

forecasting building thermal dynamics, while remarkably reducing the modelling costs [39]. 

The operation of heat pumps is strongly dependent on both the outside temperature and on 

the load. In order to correctly evaluate the performance, the specific applications of the unit 

need to be properly taken into account. The actual seasonal coefficient of performance 

(SCOP) is usually different from the one declared in the manufacturer’s data sheets, and other 

estimations. Moreover, the HP performance is affected by defrosting cycles losses, losses due 

to the transient after the switch on, and in variable speed units, the COP variation at part load 

conditions. Neglecting the COP variation at part load operation of variable speed units leads 

to underrate the performance. However, the information on how the COP varies is rarely 
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declared by the manufacturers and it is thus difficult to correctly simulate a specific market 

product. Researchers have widely studied the best discharge pressure in transcritical systems. 

These efforts were dedicated to various operational situations and uses. commonly, 

researchers tried to determine the precise optimal discharge pressures under different 

conditions using detailed simulations or tests. This method produced formulas that show the 

relationship between optimal discharge pressure and operational factors based on repeated 

trials. 

Over the last decade, along with the rise in the market share of CO2 refrigeration cycles, a 

comprehensive amount of research and development on design and optimal configuration of 

TCCO2HP. Meanwhile, the pressing need for sustainable building energy system has placed 

heat pump technologies at the center of most energy conversion system designs for houses. 

Moreover, the advancement of data processing and numerical analysis techniques during the 

recent years, numerous advanced control methods including MPC have been proposed to 

treat the complex energy performance of the buildings [59, 68, 69] . However, only few 

research was found that addressed the optimization potentials of TCCO2HP performance in 

the context of building energy systems using MPC techniques [14].  

Zhang et al. introduced a predictive control method for CO2 air conditioning in trains, 

targeting both passenger comfort and energy efficiency. This control adjusted key parameters 

like discharge pressure and evaporator airflow. The model combined data-driven with 

physical principles and used a neural network based on detailed operational data. The 

approach improved energy efficiency in real-time while maintaining comfort. The predictive 

method was shown to be able to outperform traditional PID control [70].   

An ASHP water heater was enhanced using the MPC strategy [57]. Instead of focusing on 

optimal heat rejection pressure, this strategy used the MPC to predict operational conditions 

and select the best inputs using a control model. This knowledge came from a detailed model 

in Dymola. From this, a model suited for MPC was developed. The MPC aimed to improve the 

water heater's performance coefficient, considering specific formulas and limits. Its 

effectiveness was tested under various conditions, proving its improved control [57].   
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3. Methods 

1. Theoretical framework 

This chapter presents the methods used to establish models for TCCO2HP, building energy 

dynamics, as well as ground coupled heat exchangers. Further, a MPC controller was designed 

for the proposed system. The main objective of this research was to explore the extent in 

which MPC approach could mitigate the operational challenges with TCCO2HP i.e., the loss of 

heat transfer capacity at off-design conditions which can lead to low COP and poor thermal 

comfort. The concept of MPC is inherently based on a mathematical model of the process. 

Previous studies have extensively discussed the effect of model generation method and its 

complexity on the performance of MPC. Meanwhile, the literature is mostly focused on air 

sourced TCCO2 system, resulting in well-describing correlations for sizing and performance 

characteristics. In addition, most studies were performed on the cases with single end-use in 

a household, either hot water production or space heating.   Moreover, while several studies 

have shown the numerical advantages of black box modelling in facile implementation of MPC 

in building energy systems, few studies harnessed this approach for the system proposed in 

this study. For these reasons and due to the lack of adequate data to represent the 

performance of ground sourced TCCO2HP, especially in the context of residential sector, a 

white box modelling approach was adopted. MathWorks R2023a software was used to design 

the proposed system [71]. Simscape was used to construct the time-domain dynamic system 

model of components. Further Simulink and MATLAB was used to develop control-oriented 

models and design MPC frameworks. Simscape provides block libraries for simulating physical 

systems using the acausal physical network approach. Unlike standard Simulink where blocks 

depict mathematical operations, Simscape allows for the emulation of real-world 

components. The physical network solver represents systems as functional elements, 

interacting by exchanging energy through bi ports. This simplifies the modelling process for 

complex systems. Energy flows are defined by “Through” and “Across” variables with 

relations defined by physical laws . The methods presented here in this chapter are based on 

the fundamental conservation equations, namely the conservation equations for mass, 

momentum, and energy as stated om Equation 3-1 to 3-3, respectively:  

∂𝜌
∂𝑡 + ∇ ∙ 𝜌𝐯 = 0 

3-1 
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∂𝜌𝐯
∂𝑡 + ∇ ∙ 𝜌𝐯𝐯 + ∇p = 0 

3-2 

∂𝜌𝑒
∂𝑡 + ∇ ∙ (𝜌𝑒𝐯) = ―∇ ∙ 𝒒 + 𝐹 ∙ 𝐯 

3-3 

Where 𝜌 is density, 𝐯 velocity vector, 𝑒 specific internal energy, 𝐪 heat flux vector, 𝐹 body 

force vector. Energy conservation can be written in many forms. Often for the fluids in single 

phase at constant pressure Equation 3 can be written as: 

𝜌𝑐𝑝(
∂𝑇
∂𝑡 + 𝐯 ∙ ∇T) = ∇ ∙ (𝑘∇𝑇) + 𝜑𝑠 

3-4 

Where 𝑇 is temperature, 𝑘 is thermal conductivity, 𝜑𝑠 energy generation and/or dissipation, 

𝑐𝑝 Specific heat at constant pressure. For some flows, especially incompressible substances, 

it might be more convenient to express the energy equation in terms of enthalpy ℎ: 

∂𝜌ℎ
∂𝑡 + ∇ ∙ (𝜌ℎ𝐯) = ―∇ ∙ 𝐪 + 𝐹.𝐯 + 𝜑𝑠 

3-5 

where ℎ = 𝑒 + 𝑝𝑣 , and 𝑣 is specific volume. In the process of deriving the Equations 3-1 to 

Equation 3-5 assumptions are often made to reduce the complexity of the models while 

maintaining an adequate level of accuracy. 

System Description 

The proposed residential heating system as shown in Figure 8, consisted of several modern 

energy equipment. A shallow ground coupled heat exchanger (SGCHEX) was considered as 

heat absorption mechanism. A TCCO2HP extracts heat from the ground and delivers to the 

building for distribution. The user side can be decomposed into units of thermal energy 

storage, DHW tank, and space heating subsystem. The TCCO2HP was comprised of 4 primary 

components of evaporator, compressor, gas cooler, and expansion valve.  
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Figure 8 Layout of the proposed TCCO2HP residential heating system. 

Thermal energy storage (TES) (9) was responsible for delivering the heat to hot water tank 

(HWT) (10) and space heating units (13). In addition, TES was used to act as a buffer, reducing 

the temperature fluctuations. The heat supply network was in parallel. This was due to 

generally high supply temperature from the heat pump which was not suitable for direct 

space heating using a single gas cooler. In the DHW supply path, the hot water was directed 

into HWT where indirectly rejects heat into the tank volume (11). The return water flows from 

the space heating joins the return from DHW before returning a pre-heating heat exchanger 

(12), where the cold water refilling the HWT can cool down the return flow before gas cooler. 

This configuration was inspired by the system proposed by [49]. This way the return flow to 

the gas cooler could be cooled down, making the heat transfer in gas cooler more efficient. 

In addition, this could reduce the temperature variations due to charge/discharge, while 

maintaining a higher average state of charge in HWT. The flow rate into the gas cooler could 

be adjusted through a directional valve from TES in the return line (8). Finally, when TES is 

charged and supply from gas cooler is not needed, the gas cooler flow is blocked and the 

water loop is between TES and DHW, and SH unit.  
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2. Thermal model of the building 

Modelling the energy dynamics and heat load patterns in buildings can be complex. 

Nevertheless, there are proven approaches to simplify these interactions by ignoring or 

aggregating certain thermal effects.  The dynamic thermal model of the building was created 

by considering the conductive and convective heat transfers through the elements of the 

building, and as a result of their interaction with boundary conditions. A thermal network that 

encapsulates the dynamic evolution of the average indoor air temperature and mass of the 

building as a result of exposure to outdoor temperature, heat transfer through the building 

envelope, infiltration losses and thermal gains due to occupant presence, lightings and 

equipment can be written as [33, 39]: 

𝐶𝑎
𝑑𝑇𝑎

𝑑𝑡 =
(𝑇𝑒 ― 𝑇𝑎)

𝑅𝑒𝑖
+

(𝑇𝑜 ― 𝑇𝑎)
𝑅𝑙

+ 𝑄𝑔 + 𝑄𝑠ℎ 
3-6 

𝐶𝑒
𝑑𝑇𝑒

𝑑𝑡 =
(𝑇𝑎 ― 𝑇𝑒)

𝑅𝑒𝑖
+

(𝑇𝑜 ― 𝑇𝑒)
𝑅𝑒𝑜

 
3-7 

Where 𝐶𝑎 and 𝐶𝑒represent the lumped thermal capacity of indoor air and building envelope. 

The thermal mass of the windows was ignored due to its negligible contribution to overall 

capacitance of the envelope.  𝑇 represents temperatures, 𝑅 is thermal resistance, 𝑄𝑠ℎ is the 

space heating added via a radiator. The aggregated gains due to occupancy, equipment, lights 

and solar radiation gains are included in 𝑄𝑔. Indices 𝑒 , 𝑎 , 𝑖 , 𝑜 refer to the envelope measured 

at midpoint of the element, indoor air measured as average, internal side, and outdoor, 

respectively. 𝑅𝑙 accounts for losses through the window and infiltration. Thermal resistances 

could be obtained as 

𝑅 =
1

𝑈𝐴 3-8 

Here, 𝐴 is the heat transfer area. The overall heat transfer coefficient 𝑈 carries the equivalent 

contribution of conductive and convective heat transfers coefficient as: 

𝑈 =
1

1
ℎ𝑖

+ ∆𝑥
𝑘 + 1

ℎ𝑜

 3-9 

Where ℎ, 𝑘, and ∆𝑥 are the convective and conductive heat transfer coefficients the half of 

the thickness of the envelope section.  

This representation was implemented in Simscape as shown in Figure 9.  
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Figure 9 Schematic of Simscape building model. 

The space heating radiator unit was modelled as a typical radiator considering the heat 

transfer between the water flowing in the radiator and indoor temperature. The energy 

conservation in the radiator can be formulate as:  

𝑚𝐶𝑝
𝑑𝑇𝑠ℎ

𝑑𝑡 = 𝑚𝑠ℎ𝐶𝑝(𝑇𝑡𝑒𝑠 ― 𝑇𝑠ℎ) +
(𝑇𝑠ℎ ― 𝑇𝑟)

𝑅𝑟𝑤
 

3-10 

𝐶𝑝𝑟

𝑑𝑇𝑟

𝑑𝑡 =
(𝑇𝑠ℎ ― 𝑇𝑟)

𝑅𝑟𝑤
+

(𝑇𝑎 ― 𝑇𝑟)
𝑅𝑟𝑎

 
3-11 

Where 𝑚 is the mass of the water inside the component.  𝐶𝑝 is specific heat capacity of water 

and 𝐶𝑝𝑟is capacitance of radiator mass.  𝑅𝑟𝑤 and 𝑅𝑟𝑎 are the overall heat transfer coefficient 

between the radiator and water inside the pipe, and indoor air, respectively. In Equation 3-

10,  𝑇𝑡𝑒𝑠 is the temperature of the water from hot water tank. The radiator model in Simscape 

using pipe and thermal mass blocks is shown in Figure 10.  

 

Figure 10 Radiator sub-model in Simscape. 

Similarly, the PH-HEX1 and PH-HEX2 ((12) and (13) in Figure 8) were modelled using the same 

pipe and resistance blocks. Figure 11 shows the arrangement of the two heat exchangers, 
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neglecting the thermal mass of the pipe walls. Cold water with temperature 𝑇0 passes 

adjacent to the confluence stream from radiator and HWT in PH-HEX1. This would heat the 

water up to 𝑇𝑝ℎ. Then the flow passes through PH-HEX2 which is in contact with return flow 

from HWT only, this may heat up the supplied hot water even more to 𝑇0,𝑓𝑒𝑒𝑑, the 

temperature at which the tank is filled again.   

 

Figure 11 Pre-heating sub-models in Simscape. 

Considering the temperature of the pipes as state variables, the dynamic energy conservation 

for the network of PH-HEX1 and PH-HEX2 can be written as: 

𝑚𝐶𝑝
𝑑𝑇𝑝ℎ

𝑑𝑡 = 𝑚𝑑ℎ𝑤𝐶𝑝(𝑇𝑝ℎ ― 𝑇0) +
(𝑇𝑟𝑒𝑡 ― 𝑇𝑝ℎ)

𝑅𝑝ℎ
 

3-12 

𝑚𝐶𝑝
𝑑𝑇𝑟𝑒𝑡

𝑑𝑡 = 𝑚𝑠ℎ𝐶𝑝𝑇𝑠ℎ + 𝑚ℎ𝑤𝑡𝐶𝑝𝑇𝑟𝑒𝑡,ℎ𝑤𝑡 ― (𝑚𝑠ℎ + 𝑚ℎ𝑤𝑡)𝐶𝑝𝑇𝑟𝑒𝑡 +
(𝑇𝑝ℎ ― 𝑇𝑟𝑒𝑡)

𝑅𝑝ℎ
 

3-13 

𝑚𝐶𝑝
𝑑𝑇𝑟𝑒𝑡,ℎ𝑤𝑡

𝑑𝑡 = 𝑚ℎ𝑤𝑡𝐶𝑝(𝑇𝑟𝑒𝑡,ℎ𝑤𝑡 ― 𝑇ℎ𝑤𝑡) +
(𝑇0,𝑓𝑒𝑒𝑑 ― 𝑇𝑟𝑒𝑡,ℎ𝑤𝑡)

𝑅ℎ𝑤
 

3-14 

𝐶𝑝
𝑑𝑇0,𝑓𝑒𝑒𝑑

𝑑𝑡 = 𝑚𝑑ℎ𝑤𝐶𝑝(𝑇0,𝑓𝑒𝑒𝑑 ― 𝑇𝑝ℎ) +
(𝑇𝑟𝑒𝑡,ℎ𝑤𝑡 ― 𝑇0,𝑓𝑒𝑒𝑑)

𝑅ℎ𝑤
 

3-15 

 Where, 𝑅ℎ𝑤and 𝑅𝑝ℎ are thermal resistances between pipes in PH-HEX1 and PH-HEX2 

respectively. indices 0, 𝑝ℎ, 𝑟𝑒𝑡, ℎ𝑤𝑡, 𝑠ℎ, 𝑑ℎ𝑤, 𝑓𝑒𝑒𝑑, refer to fresh water, pre-heated (in PH-

HEX1), return to gas cooler, hot water tank, space heating, domestic hot water, HWT feed 

point, respectively. 

The TES was considered in this study as a buffer between hot supply temperature from heat 

pump and store excess heat. In addition, the HWT contains domestic hot water. models of 

the HWT were developed by considering the energy balance in the tank as a result of heat 
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fluxes in and out of the container. The HWT was heated by an unmixed charge flow rate from 

TES as shown in Figure 12.  

  

Figure 12 Domestic hot water tank model in Simscape. 

This model adopted “Tank (TL)” block from Simscape thermal liquid library. The “Tank (TL)” 

block assumes a mixed charge/discharge as well as uniform temperature in the tank, 

neglecting the stratification. Hence, to remedy this limitation the heat added to the HWT was 

assumed to be in the form of a volumetric heat generation within the tank proportional to 

the overall heat transfer coefficient and the contact area between the bodies of water in the 

container and a heat pipe inside the tank. The energy balance for the HWT is established as: 

𝑚𝐻𝑊𝑇𝐶𝑝
𝑑𝑇𝐻𝑊𝑇

𝑑𝑡 = 𝑚𝑑ℎ𝑤𝐶𝑝(𝑇𝐻𝑊𝑇 ― 𝑇0,𝑓𝑒𝑒𝑑) +
(𝑇𝑡𝑒𝑠 ― 𝑇𝐻𝑊𝑇)

𝑅𝑤𝑡
 

3-16 

where 𝑚𝐻𝑊𝑇 is the mass of the water in the tank, 𝑇𝑡𝑒𝑠 is the supply temperature from TES,  

𝑇𝐻𝑊𝑇 is the temperature of the tank, 𝑅𝑤𝑡 is the overall thermal resistance between the pipes 

passing through the tank and the body of water inside the tank.  

for the heat transfer pipe, the energy conservation was written as 

𝑚ℎ𝑤𝑡𝐶𝑝
𝑑𝑇ℎ𝑤𝑡

𝑑𝑡 = 𝑚ℎ𝑤𝑡𝐶𝑝(𝑇𝑡𝑒𝑠 ― 𝑇ℎ𝑤𝑡) +
(𝑇𝐻𝑊𝑇 ― 𝑇𝑡𝑒𝑠)

𝑅𝑤𝑡
 

3-17 

Where 𝑚ℎ𝑤𝑡is the mass of the water in heat pipe. Similarly, TES was designed using the “Tank 

(TL)” block with governing equation as: 
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𝑚𝑡𝑒𝑠𝐶𝑝
𝑑𝑇𝑡𝑒𝑠

𝑑𝑡 = 𝑚𝑔𝑐𝐶𝑝 𝑇𝑔𝑐 ― 𝑇𝑡𝑒𝑠 ― (𝑚ℎ𝑤𝑡 + 𝑚𝑠ℎ)𝐶𝑝(𝑇𝑡𝑒𝑠 ― 𝑇𝑟𝑒𝑡) ― ∆𝑚𝐶𝑝(𝑇𝑡𝑒𝑠 ― 𝑇𝑟𝑒𝑡) 
3-18 

Where 𝑇𝑔𝑐 and 𝑚𝑔𝑐 is the temperature of the supplied water from gas cooler, respectively. 

For TES three ports were considered, one that receives the charging heat flow from the gas 

cooler, one that supplies the heat demand to the end uses, and one connected to the return 

line to balance the mass flow rates in the tank according to the current demands as: 

𝑚𝑔𝑐 + ∆𝑚 = 𝑚ℎ𝑤𝑡 + 𝑚𝑠ℎ 3-19 

A spool controlled 2-way directional valve was utilized to adjust ∆𝑚. The layout of the TES 

model in Simscape is shown in Figure 13:  

 

Figure 13 Thermal energy storage tank model in Simscape. 

The sub-models of each section were connected to form the whole user side model. The 

schematic of the building heating substation developed in Simscape is shown in Figure 14. For 

the distribution of flows 3 circulation pumps were considered. It should be noted that the 

water was considered incompressible fluid within the working temperature range of this 

system, hence the momentum balance was simplified by evaluation of hydraulic losses via 

Darcy-Weisbach relation [72]. It should be noted that both TES and HWT were modelled 

assuming a constant pressurization in the tank and total dissipation of momentum at the 

ports. This meant that the pressure levels in the circuit were governed by the tank. This 

assumption reduced the need for pressure relief valves in the return line, which may not be 
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an accurate representation of the actual system. However, for the purpose of this study, the 

hydraulic balance was not considered in detail. 

 

Figure 14 Integrated building dynamic model in Simscape. 

3. Trans critical Co2 heat pump 

Modelling and analysis of vapour compression cycle could be performed by component-wise 

thermodynamic analysis of the CO2 [41, 72]. The TCCO2HP sits at the core of the energy 

system and its design and operation may have a significant impact on the actual operation of 

the entire system. Heat pump system for the selected study was a basic design configuration 

of a vapour compression cycle, though TCCO2HP systems are often equipped with additional 

components to improve efficiency and robustness, such as internal heat exchanger, vapour 

injection, multistage compressor. Finding the suitable configuration for TCCO2HP systems, 

requires a delicate coordinated sizing approach which was beyond the scope of this work. The 

focus of present study was to model the main 4 components of a generic system that govern 

the system operation, namely evaporator, compressor, expansion valve, and gas cooler as 

shown in Figure 15. The reason for this simplification was to investigate they key 
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characteristics of transcritical co2 behaviour, especially the effect of disturbances and MPC 

on the performance of these components. 

 

Figure 15 A simple representation of heat pump cycle, pinpointing the process states. 

Process dynamics in heat pumps can be very complex and nonlinear. Most of the previous 

studies considered statistical models based on experimental or nominal operation data 

provided by manufacturers. Such models are often polynomial representation of heat pump 

power input, heat rate or COP in terms of cold and hot side temperatures, pressures, or other 

system variables. these models can significantly reduce the computational burden and has 

proven reliable near design condition. However, for analysing the dynamic performance of  

TCCO2HP achieving an accurate model by these approaches can be challenging.  

The physical model of the heat pump system in Simscape was constructed using two “System-

Level Condenser Evaporator (2P-TL)” blocks from “Fluids network interfaces” library 

representing the evaporator and gas cooler, a “Positive-Displacement Compressor (2P)” 

block, and a custom model of expansion valve. Assumptions included in the heat pump model 

were 1) adiabatic process in all components, 3) negligible heat and momentum loss between 

the components, and isenthalpic expansion. 

An energy balance equation could characterize every part of the system. The energy balance 

of a heat pump, assuming isenthalpic expansion and no accumulation of mass in the 

compressor can be given in Equations 3-20 to Equation 3-24 [73] . Indices refer to Figure 15.  

𝑑ℎ1

𝑑𝑡 = 𝑚𝑐𝑜2(ℎ4 ― ℎ1) + 𝑄𝑒𝑣 
3-20 

𝑚𝑐𝑜2(ℎ1 ― ℎ2) = 𝑊𝑐𝑜𝑚𝑝 3-21 
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𝑑ℎ3

𝑑𝑡 = 𝑚𝑐𝑜2(ℎ2 ― ℎ3) ― 𝑄𝑔𝑐 
3-22 

ℎ1 = ℎ4 3-23 

𝑄𝑔𝑐 = 𝑄𝑒𝑣 + 𝑊𝑐𝑜𝑚𝑝 3-24 

where ℎ = 𝑒 +
𝑃
𝜌 is enthalpy of the fluid, 𝑄𝑔𝑐 is the heat rate at the gas cooler, 𝑄𝑒𝑣 is the 

evaporator heat absorption rate from the source, and 𝑊𝑐𝑜𝑚𝑝 the compressor power input. 

Finally, the COP can be defined as: 

𝐶𝑂𝑃 =
𝑄𝑔𝑐

𝑊𝑐𝑜𝑚𝑝
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Heat exchangers 

Performance of the gas cooler is highly correlated with the secondary side water temperature 

levels and flow rates. Given the higher overall heat transfer coefficient of water comparing to 

CO2, the heat transfer regime in the gas cooler is more sensitive to co2 than water. For 

example, in a counter flow arrangement reducing the temperature difference between the 

two fluids at the gas cooler outlet ( water inlet, co2 outlet) can reduce the optimum discharge 

pressure [41]. 

Design and simulation of TCCO2HP requires an accurate representation of co2 properties in 

order to capture the dynamic evolution of thermodynamic states in the heat pump cycle. In 

Simscape two-phase fluid domain, thermodynamic properties can be calculated by means of 

partial differentiation of equations of states with respect to known state properties. For gas 

cooler and evaporator, the mass balance contains the derivative of density with respect to 

time, as well as pressure and internal energy for a discretized control volume along the flow 

path. Using the chain rule, the mass continuity for the co2 in gas cooler and evaporator is 

formulated as  

∂𝜌
∂𝑡 =

∂𝜌
∂𝑃|

𝑒

𝑑𝑃
𝑑𝑡 +

∂𝜌
∂𝑒|

𝑃

𝑑𝑒
𝑑𝑡 

3-26 

where 𝑒 is specific internal energy of the fluid, 𝑃 is the pressure. 

Further, the energy conservation for the gas cooler can be written as 

𝑑ℎ3

𝑑𝑡 = 𝑚𝑐𝑜2(ℎ2 ― ℎ3) ― 𝑄𝑔𝑐 
3-27 
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Given that the gas cooler unlike condenser operates with a high temperature glide, the actual 

heat transfer in a heat exchanger can occur along the path as well as in radial direction. 

However, previous numerical studies showed that the first one is negligible [41]. Hence, the 

net rate of heat transfer between two fluids in a heat exchanger can be calculated as: 

𝑄𝑔𝑐 = 𝑈𝐴𝑔𝑐Δ𝑇𝑔𝑐 3-28 

Where 𝑈𝐴𝑔𝑐 is the overall heat transfer conductance of co2, and Δ𝑇𝑔𝑐is the temperature 

difference between co2 and water in the gas cooler. This term depends on the flow 

arrangement and the dynamic state of the heat exchanger. For a typical counter flow 

arrangement Δ𝑇𝑔𝑐 is often defined as logarithmic mean temperature difference between the 

hot and cold side. It should be noted that the Equation is valid in the steady state condition. 

In general, neglecting the thermal mass of the pipe walls, the energy conservation for the 

water side of the gas cooler can be derived as: 

𝑚ℎ𝑝𝐶𝑝
𝑑𝑇𝑡

𝑑𝑡 = 𝑚ℎ𝑝𝐶𝑝(𝑇𝑡𝑟 ― 𝑇𝑡) + 𝑄𝑔𝑐 
3-29 

Where 𝑚ℎ𝑝 is the mass of the water in the gas cooler, 𝑇𝑡𝑟 is the return temperature from the 

building substation. 

The model of evaporator was similar to gas cooler in terms of formulation of mass and energy 

conservation. Previous research on TCCO2HP have addressed the design considerations for 

the evaporator in such systems. the heat transfer in the evaporator can be found as  

𝑄𝑒𝑣 = 𝑈𝐴𝑒𝑣Δ𝑇𝑒𝑣 3-30 

In evaporator co2 undergoes phase change at constant temperature. This change in specific 

volume strongly affects the actual heat absorbed by the fluid. Hence, for the mixed phase 

region the 𝑈 value must take into account the effect of latent heat of evaporation. The value 

of 𝑈 as given in Equation depends on the number of transfer units (NTU) and flow regime  

𝑈𝐴𝑒𝑣 = 𝑁𝑢𝑘 3-31 

 
Where 𝐷ℎ is the hydraulic diameter of the tube and 𝑁𝑢 for a single-phase fluid is a function 

of Reynolds and Prandtl numbers. When calculating the 𝑈𝐴𝑒𝑣 in two-phase region, the 

Cavallini-Zecchin correlation is added that considers the effect of density gradients with 
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respect to saturation density as well. The dynamic energy conservation at the liquid side of 

evaporator can be written similar to gas cooler as: 

𝑚𝑒𝑣𝑎𝑝𝐶𝑝,𝑏
𝑑𝑇𝑏𝑟

𝑑𝑡 = 𝑚𝑏𝐶𝑝,𝑏(𝑇𝑏𝑠 ― 𝑇𝑏𝑟) ― 𝑄𝑒𝑣 
3-32 

where, 𝑇𝑏𝑟 is brine temperature at the outlet of evaporator, 𝑚𝑏 is the mass flow rate of brine, 

and 𝑇𝑏𝑠 is the supply temperature from the ground. Finally the pressure loss in the heat 

exchangers can be calculated using a simplified Darcy friction equation as  

𝛥𝑃 = 𝑓
𝑚2

𝑐𝑜2
𝐿

2𝜌𝐷ℎ𝐴𝑠2 
3-33 

Where 𝑓 is the Darcy-Weisbach friction factor depending on the surface roughness and flow 

regime, 𝐿 is the length of the flow path in the component, and 𝐴𝑠 is the cross-section area of 

the pipe. 

Compressor 

In TCCO2HP reciprocating compressors are commonly used. This is because of their suitability 

to handle high pressures and have better performance with varying loads [41]. The 

compressor work can be calculated as  

𝑊𝑐𝑜𝑚𝑝 =
𝑊𝑐𝑜𝑚𝑝,𝑖𝑠

𝜂𝑖𝑠𝜂𝑚𝜂𝑣
= 𝑚𝑐𝑜2(ℎ2 ― ℎ1) 

3-34 

Where 𝑊𝑐𝑜𝑚𝑝,𝑖𝑠 is the isentropic work and 𝜂𝑖𝑠 is isentropic efficiency of the compression 

process. 𝜂𝑚 and 𝜂𝑣 are mechanical and volumetric efficiencies. Mechanical efficiency is 

related to friction losses in the rotary components of the compressor and is often reported 

between 0.65-0.8. volumetric efficiency is a function of leakages, compressor chamber 

clearance, and rotation speed, and pressure ratio [73]. The mass flow rate of CO2 is 

determined as  

𝑚𝑐𝑜2 = 𝜂𝑣𝜔𝑉𝑑𝜌1 3-35 

Where 𝑛 is the rotation speed, 𝑉𝑑 is the displacement volume of the chamber, and 𝜌1 is the 

density at suction port. Both volumetric and isentropic efficiencies depend on the compressor 

pressure ratio (r). Their calculations stem from the standard operating conditions. 

The Positive-Displacement Compressor (2P) block exemplifies a quasi-steady positive-

displacement compressor. This means, the accumulation of mass in the chambers was not 
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taken into account. The actual positive displacement compression process is interpreted as 

polytropic, maintaining the relation of   

𝑃𝑣𝑛 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 3-36 

Where 𝑛 represents the polytropic exponent. Relying on the polytropic pressure-volume 

correlation, the block computes the volumetric efficiency using: 

𝜂𝑣 = 1 + 𝛼 ― 𝛼(𝛽
1
𝑛) 

3-37 

 

Where the clearance fraction 𝛼 can be calculated from the compressor design specification 

as: 

𝛼 =
1 ― 𝜂𝑣

∗

(𝛽∗)
1
𝑛 ― 1

 
3-38 

 

Where 𝛽 is the pressure ratio, and asterisk denotes the nominal values. Finally the mechanical 

energy balance in the compressor is found by equating the mechanical and compression work 

on the fluid to derive the power input 

𝑊𝑐𝑜𝑚𝑝 =
1

𝜂𝑚

𝑛
𝑛 ― 1𝜂𝑣𝑃1𝑉𝑑 𝛽

𝑛―1
𝑛 ― 1 𝜔 

3-39 

 

Expansion valve 

The thermodynamic model of expansion valve was constructed as: 

ℎ1 = ℎ4 3-40 

In order to respect the isenthalpic process assumption at all conditions, a custom component 

was created in the two phase fluid domain. The block takes the opening ratio 𝐴𝑅 to calculate 

the pressure drop across the valve as: 

𝛥𝑃 = 𝐴𝑅
𝛥𝑃∗

𝑚∗
𝐶02

2 𝑚2
𝐶𝑜2

 
3-41 

Where 𝛥𝑃 is the pressure drop across the valve. Asterix superscript denotes the nominal 

values at full open position. The layout of the TCCO2HP in Simscape is shown in Figure 16. It 

should be noted that the flow arrangement in heat exchangers are defined in block parameter 

configurations and the connection ports do not represent the actual flow path. As explained 
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in the next section, connection ports 𝑇𝑏𝑟, and 𝑇𝑏𝑠 are temperatures associated with the inlet 

and outlet connections of brine fluid to the ground loop circuit.  

 

Figure 16 Model of TCCO2HP in Simscape. 

4. Ground coupling model 

Ground was considered as the heat source for the ground heat exchanger in this study. This 

configuration has extensively been proposed and applied in many residential heating systems. 

Ground coupled heat pumps take advantage of more stable ground temperature from at least 

below 2 meters. Besides, on average ground is cooler and warmer than air during the summer 

and winter, respectively. This provides a reliable and abundant low grade heat source that 

can be harnessed by suitable heat pump design.  

Design and modelling of ground source heat pumps GSHP requires detailed survey of the site 

area and ground thermos-physical properties to assess the suitable design and sizing 

procedure. Depending on the objective and characteristics the energy systems design, ground 

coupling could be via deep boreholes encompassing fluid channels or shallow piping loops 

placed horizontally in a trench where the depth of the pipes are no more than few meters 

below the ground. Shallow GSHP are increasingly considered for residential systems, 

especially in rural areas where the land is more available. A study tested a U-shaped HDPE 

pipe, 2.5 m deep and 36 m long, for the HGHE. The TRT recorded a ground thermal 

conductivity of 0.72W/m⋅K, aligning with the sandy loam soil at the test site [74]. 
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Figure 17 Lyaout of a U shape horizontal ground pipes [74]. 

A simplified model of a GSHP, suitable for the configuration studied by [74] can be derived 

from the energy balance between the mass of the soil within the field encompassing the pipes 

and the brine fluid inside the pipes. The energy conservation for the mass of the ground can 

be written as 

𝑚𝑏𝐶𝑝,𝑏
𝑑𝑇𝑏𝑠

𝑑𝑡 = 𝑚𝑏𝐶𝑝,𝑏(𝑇𝑏𝑟 ― 𝑇𝑏𝑠) + 2𝜋𝑘𝑔
𝐿

ln
𝐷𝑜
𝐷𝑖

(𝑇𝑔 ― 𝑇𝑏𝑠) 
3-42 

𝑚𝑔𝐶𝑝,𝑔
𝑑𝑇𝑔

𝑑𝑡 = 𝑘𝑔
𝐴𝑔

𝑠 𝑇𝑔 ― 𝑇𝑔,𝑠𝑢𝑟 ― 2𝜋𝑘𝑔
𝐿

ln
𝐷𝑜
𝐷𝑖

(𝑇𝑔 ― 𝑇𝑏𝑠) 
3-43 

Where subscripts 𝑔 and 𝑏 refer to the ground and brine fluid. 𝐷𝑖 is the diameter of the pipes 

and 𝐷𝑜 is the outer diameter of the trench field between the pipe and the surrounding. The 

models in Equation 3-42 and Equation 3-43 was built in Simscape using “Thermal mass” block 

to represent the ground material, “conductive heat transfer” blocks for inner and outer 

portions of the ground material, and “pipe (TL)” block to represent the heat pipes. In addition, 

a mass flow rate source was used to maintain the circulation. This sub-model can be seen in 

Figure 18. 
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Figure 18 Ground heat exchanger model in Simscape. 

The model of all sub-systems presented in previous sections were integrated to establish the 

full scale physical system model. As shown in Figure . 

 

 

Figure 19 Complete physical model of the TCCO2HP rsidential heating system in Simscape. 

The model of the heating system described in previous section was derived in Simscape as a 

system of ordinary differential equations (ODE) with 18 distrinct state variables that can be 

described through. Further quasi-static component models such as the entire thermal liquid 

network of water and ground brine, as well as compressor, expansion valve, pumps, valve, 

sink and sources were coupled with the system of equations as differential algebraic equation 

(DAE), enforcing physical relations. Despite its convenience for representing the physical 

world, systems built in Simscape tend to be nonlinear by nature. These nonlinearities are due 
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to varying actual heat transfer coefficients, gradients of fluid properties and interaction of 

components in the system. Moreover, some blocks contain additional intermediate states 

such as temperature states along the length of the heat exchangers and pipes, as well as 

volume of the tanks. These added up to 65 number of states variables. In general, these 

equation can be represented by the following state space representation of differential 

equations: 

𝑥(𝑡) = 𝑓(𝑥(𝑡),𝑢(𝑡)) 3-44 

𝑦(𝑡) = 𝑔(𝑥(𝑡),𝑢(𝑡)) 3-45 

where 𝑥(𝑡) represents the state vector, 𝑢(𝑡) denotes the input variables, namely the 

compressor rotation speed (𝑛) , valve opening degrees (𝐴𝑅 and ∆𝑚), mass flow rates 

through the system (𝑚𝑔𝑐, 𝑚ℎ𝑤𝑡,  𝑚𝑠ℎ). 𝑦(𝑡) stands for any measured output represented as 

a function of states and inputs. To apply MPC to such systems, an understanding and 

subsequent transformation of these nonlinearities is crucial. Next section presents the 

intricate process of transforming a nonlinear dynamic physical model, constructed in 

Simscape, into a simplified, yet representative, linear state space model. 

5. Control-oriented system model 

Prior to any linearization, it was essential to pinpoint an operating point, which is 

fundamentally a steady-state condition of the system. Mathematically, this is where 𝑥(𝑡)=0 

for a given 𝑢(𝑡). From a physical perspective, this operating point implies a scenario wherein 

the system remains static, not evolving over time, with the effects of disturbances and inputs 

being in equilibrium. The next phase involves linearization, where the nonlinear system 

undergoes an approximation using a linear system through the method of Taylor series 

expansion, limiting the representation to only the first-order terms. This procedure is 

performed around the desired operating point.  

6. Prediction model 

As mentioned earlier, the state-space model represents the behavior of the system in terms 

of a set of state variables and a set of input variables. Based on description of the system in 

the previous section, the system of linear time invariant (LTI) system of equations was 

developed.  
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The model of a residential heating system based on TCCO2HP can be highly nonlinear and 

complex as it was shown in previous chapter. It was revealed that the heat pump performance 

can significantly vary by considering different boundary conditions and control decisions. 

These involved possibility of controlling 1) the distribution pumps in the user substation, 2) 

heat pump’s compressor speed, and 3) controlling the heat pumps expansion valve. The 

choice of controlled components and its manipulated variable depends on the goal of the 

control problem.  

For example, a necessary practice in heat pumps is controlling the temperature of the 

refrigerant at the compressor inlet to a slightly superheated temperature. This is to ensure 

the compressor’s mechanical safety by preventing liquid to enter the compressor which can 

damage the component. Superheating at evaporator outlet is often controlled by adjusting 

the pressure drop at the expansion valve to match the desired evaporator outlet condition. 

In this case the valve opening area is a manipulated variable which changes the pressure at 

the evaporator outlet, leading to a controlled output temperature.  

Control methods often use mathematical representation of the studies system by identifying 

the input signals and measured output relations. For this reason often the control models 

described as time invariant models in state space form, transfer function, or zero-pole gain 

formulations. 

A linear state space model in its generic form can be written as: 

𝑋 = 𝐴𝑋 + 𝐵𝑈 3-36 

𝑌 = 𝐶𝑋 + 𝐷𝑈 3-37 

Where 𝐴, 𝐵, 𝐶, and 𝐷 are matrix of constant containing the dynamic behavior of the system 

via its parameters. Considering a continuous system, Equation 36 and Equation 37 transforms 

Equation and Equation into: 

𝑥(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) 3-38 

𝑦(𝑡) = 𝐶𝑥(𝑡) + 𝐷𝑢(𝑡) 3-39 

Where X are states, U are inputs, and Y are outputs observed in the system. States are variable 

that define the dynamics of the system, such as temperature, pressure , enthalpy, etc. at 

different points of the system. Inputs are manipulated and nonmanipulated variables. 

Manipulated variables are also called control variables include rotation speed and mass flow 
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rates. Outputs must be defined according to the control problem at hand. In this case the 

general idea is to control the heat pump operation at optimal level while meeting thermal 

demands. This can be interpreted as controlling COP and costs for heat pump operation, 

which can be manipulated by changing rotation speed and flow rate of how water in the 

building to the desired level. 

Linearization 

The state space model in previous equation describes a linear formulation of an ODE in which 

the time derivative of states are calculated from current state values and inputs. Further the 

outputs are defined as linear effect of current states and inputs. However, thermal energy 

system, especially the model described in previous section is nonlinear, due to dependency 

of certain input parameters on state variables. For example, assuming mass flow rate as input 

and temperature as state, the advection heat transfer due to flux of energy in and out of each 

component could be expressed as: 

𝑋 = 𝐴𝑋 + 𝐵𝑈𝑋 3-40 

The above equation is nonlinear, because derivative of a state depends on the product of that 

state to the input. These nonlinearities can be captured by a nonlinear MPC controller, 

however the computational and structuring the suitable prediction and optimization 

algorithm can be challenging. Hence, the linearization process can be used as an alternative. 

The idea of linearization is to locate an operation point and consider the behaviours of the 

system linear within a finite range. This can yield a relatively accurate approximation of the 

real system, only in that operating point. On the other hand, handling this linearized model is 

much easier to handle.  

The linearization process can be seen as a special case of Taylor's theorem, which states that 

any sufficiently smooth function can be approximated by a polynomial of sufficiently high 

degree. Specifically, the linear approximation obtained through the process of linearization 

corresponds to the first-order term in the Taylor expansion of the function around the 

operating point. The Taylor expansion of a function f(x) around a point x0 can be expressed 

as: 

𝑓(𝑥) = 𝑓(𝑥0) + (𝑥 ― 𝑥0)𝑓′(𝑥0) + (
1
2! )(𝑥 ― 𝑥0)2𝑓′′(𝑥0) + ... +

1
𝑛!(𝑥 ― 𝑥0)𝑛𝑓𝑛(𝑥0) + 𝑅𝑛(𝑥) 3-41 
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where 𝑓′(𝑥0), 𝑓′′(𝑥0), to 𝑓𝑛(𝑥0) are  first, second to nth derivative of 𝑓(𝑥) evaluated at 𝑥0, 

The remainder term 𝑅𝑛(𝑥) represents the error between the true function and its Taylor 

expansion, and it can be expressed in terms of the higher-order derivatives of f(x). When only 

the first-order term is considered in the Taylor expansion, a linear approximation can be 

obtained as: 

𝑓(𝑥) ≈ 𝑓(𝑥0) + (𝑥 ― 𝑥0)𝑓′(𝑥0) 3-42 

In the case of a multivariate function in the form of 𝑓(𝑥1,𝑥2,…𝑥𝑛), as in case of the system in 

this study, the linearization process involves finding the Jacobian matrix of the function at the 

operating point. The Jacobian matrix is a matrix of partial derivatives that describes the rate 

of change of each component of the function with respect to each of the input variables. The 

linear approximation of the function around the operating point can then be expressed as a 

matrix multiplication of the Jacobian matrix 𝐽𝑓 and the deviation of the input variables from 

the operating point. This is mathematically structured as: 

𝑓(𝑥) ≈ 𝑓(𝑥0) + 𝐽𝑓(𝑥0)(𝑥 ― 𝑥0) 3-43 

Where, the Jacobian Matrix is calculated as: 

𝐽𝑓(𝑥) =

∂𝑓1

∂𝑥1
⋯

∂𝑓1

∂𝑥𝑛
⋮ ⋱ ⋮

∂𝑓𝑛

∂𝑥1
⋯

∂𝑓𝑛

∂𝑥𝑛

 

3-44 

Discretization 

Discretization is the process of converting a continuous-time state-space model into a 

discrete-time state-space model, which can be used for simulation, control, and analysis 

purposes. The process involves approximating the continuous-time model with a discrete-

time model that captures its essential dynamics over a finite time interval. To discretize the 

described state space model model, a sampling time Ts which represents the time interval 

between consecutive samples of the system was chosen. Then the continuous-time model 

and be approximated over this time interval by using a numerical integration method, such 

as the Euler method or the Runge-Kutta method. The simplest method for discretizing a 

continuous-time model is the zero-order hold (ZOH) method, which assumes that the input u 

is held constant over each time interval Ts. In this case, the discrete-time state-space model 

can be expressed as: 
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𝑥[𝑘 + 1] =  𝐴𝑑 𝑥[𝑘] +  𝐵𝑑 𝑢[𝑘] 3-45 

𝑦[𝑘] =  𝐶𝑑 𝑥[𝑘] +  𝐷𝑑 𝑢[𝑘] 3-46 

where Ad, Bd, Cd, and Dd are the discrete-time equivalents of the continuous-time matrices 

A, B, C, and D, respectively. This process was streamlined from Simscape directly to Simulink 

Control Design toolbox using “linearizer” function to extract the linearized state space model 

of the system. Having established a linear representation, the stage is set for the 

implementation of Model Predictive Control (MPC). To execute this in the context of 

Simscape, an array of built-in tools, including QP solvers was leveraged, ensuring efficient and 

optimized control. 

7. Model predictive control design 

In discrete time, the MPC is formulated as an optimal control problem. The goal of the 

proposed MPC was to maintain thermal comfort for the user, while optimizing the 

performance of TCCO2HP.  The flow chart in Figure 20 shows the MPC mechanism adopted 

in this study. 
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Figure 20 Flow chart of the MPC mechanism. 

8. Objective function 

The heart of the MPC is its objective function, which quantifies the control goals. For the 

TCCO2HP system, the objective function 𝐽(𝑢,𝑥) was formulated to balance multiple 

objectives: 

𝑚𝑖𝑛 𝐽(𝑢,𝑥) =
𝑁

𝑗=0
𝑤1(𝑇𝑎 ― 𝑇𝑎,𝑟𝑒𝑓)2 + 𝑤2(𝑇𝑡 ― 𝑇𝑡,𝑟𝑒𝑓)2 ― 𝑤4𝐶𝑂𝑃 

3-47 

Where 𝑤 terms are weights that define the relative importance of each objective with respect 

to others. The first two terms contain the thermal comfort tracking goals set by reference 

signals 𝑇𝑎,𝑟𝑒𝑓 and 𝑇𝑡,𝑟𝑒𝑓. Typically reference set points could be between 20-22 °C for indoor 

temperature and 55-70 °C for DHW. The first two terms are standard reference tracking 

objectives for maintaining the temperature to drive the system outputs towards  𝑇𝑎,𝑟𝑒𝑓 and 
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𝑇𝑡,𝑟𝑒𝑓. The last term seeks to maximize COP. The MPC operates within a set of constraints 

that reflect the physical and operational limits of the TCCO2HP system: 

• Operational Limits: Constraints on compressor speed, mass flow rates, and valve 

positions ensure the system operates within safe and efficient bounds. 

• Thermal Comfort: Soft constraints on thermal outputs ensure that the system adheres 

to established comfort standards. 

• Supercritical Operation: A constraint on the compressor's discharge pressure ensures 

the system operates in a supercritical regime. 

• System Dynamics: The state-space representation of the TCCO2HP system imposes 

inherent constraints on how the system evolves over time. 

9. Prediction and optimization 

In an MPC, the prediction horizon is used to predict the future values of the state and output 

variables. These predictions are used to calculate the optimal inputs for the system at each 

time step. The prediction method involves recursively solving a set of optimization problems 

over the prediction horizon. The prediction horizon is defined as the length of time over which 

the MPC predicts the future behavior of the system.  

Let 𝑘 be the current time step. The prediction of future values of the state and output 

variables over the next 𝑁 steps constituting the prediction horizon is required. this can be 

done by recursively solving the following optimization problem: 

minimize 𝐽 

subject to: 

𝑥[𝑘 + 𝑗 + 1] =  𝐴𝑥[𝑘 + 𝑗] +  𝐵𝑢[𝑘 + 𝑗],         𝑗 =  0,1,...,𝑁 ― 1 3-48 

𝑥[𝑘] =  𝑥[𝑘] 3-49 

𝑦[𝑘 + 𝑗] =  𝐶𝑥[𝑘 + 𝑗] +  𝐷𝑢[𝑘 + 𝑗],         𝑗 =  0,1,...,𝑁 ― 1 3-50 

𝑥𝑚𝑖𝑛 <=  𝑥[𝑘 + 𝑗] <=  𝑥𝑚𝑎𝑥,         𝑗 =  0,1,...,𝑁 ― 1 3-51 

𝑢𝑚𝑖𝑛 <=  𝑢[𝑘 + 𝑗] <=  𝑢𝑚𝑎𝑥,         𝑗 =  0,1,...,𝑁 ― 1 3-52 

where 𝑥[𝑘] is the estimated state vector at time 𝑘 based on the previous measurements, and 

𝑥[𝑘 + 𝑗], 𝑢[𝑘 + 𝑗], and 𝑦[𝑘 + 𝑗] are the predicted state, input, and output vectors at time 
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𝑘 + 𝑗, respectively The constraints are the same as before. The solution of the optimization 

problem provides the optimal input sequence over the prediction horizon: 

𝑢𝑜𝑝𝑡[𝑘], 𝑢𝑜𝑝𝑡[𝑘 + 1], ...,𝑢𝑜𝑝𝑡[𝑘 + 𝑁 ― 1] 3-53 

The first input in the sequence, 𝑢𝑜𝑝𝑡[𝑘], is applied to the system, and the optimization 

problem is solved again at the next time step, 𝑘 + 1. This process is repeated at each time 

step. The predicted state and output vectors can be calculated using the optimal input 

sequence and the state-space model as: 

𝑥[𝑘 + 𝑗 + 1] =  𝐴𝑥[𝑘 + 𝑗] +  𝐵𝑢𝑜𝑝𝑡[𝑘 + 𝑗] 3-54 

𝑦[𝑘 + 𝑗] =  𝐶𝑥[𝑘 + 𝑗] +  𝐷𝑢𝑜𝑝𝑡[𝑘 + 𝑗] 3-55 

where 𝐵𝑢𝑜𝑝𝑡[𝑘 + 𝑗] and 𝐷𝑢𝑜𝑝𝑡[𝑘 + 𝑗] are the portions of the input vector and output vector, 

respectively, that are determined by the optimal input sequence. The feedback control law is 

then used to adjust the optimal inputs to account for any discrepancies between the 

predicted and measured state and output variables: 

𝑢[𝑘 + 𝑗] =  𝑢𝑜𝑝𝑡[𝑘 + 𝑗] +  𝐾𝑗(𝑥[𝑘 + 𝑗] ―  𝑥[𝑘 + 𝑗]) 3-56 

where 𝐾𝑗 is the feedback gain for time step 𝑘 + 𝑗, and 𝑥[𝑘 + 𝑗] is the estimated state vector 

at time 𝑘 + 𝑗 based on the previous measurements. 
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4. Simulation case study 

1. Sizing of the components 

The models developed in previous chapter were utilized to design and simulate a typical 

residential heating system using TCCO2HP and MPC. The building model created in this 

section were based on a typical case of a single-zone heated room. The building was subjected 

to thermal loads of domestic hot water and space heating in the context of Oslo, Norway. A 

basic model of the building structure and energy performance was developed in IDA ICE, a 

software specialized in modelling and simulation of building energy and indoor climate 

projects. The building structure as shown in Figure 21 and its energy profile were gathered 

from a standard IDA ICE climate database based on ASHRAE 2003. The construction material 

and energy standards were chosen, adhering to the Norwegian standards and requirements 

as stated in TEK17. The building was equipped with a radiator, and a hot water tank for 

domestic hot water supply. The TCCO2HP system was designed to meet the heating demands 

of the building under various operating conditions. Building characteristics are listed in Table 

1 Building design parameters.: 

 

Figure 21 3D layout of the building model in IDA ICE. 

Table 1 Building design parameters. 

Data category Parameter Value 
Floor 75.14 
Walls 74.88 
Roof 75.14 

Areas (m2) 

Windows and door 18.25 
Internal floor 0.1 U-values 

(W/(m2.K)) Walls 0.18 
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Roof 0.13 
Windows and door 0.8 

Floor Chip board (0.02), light insulation (0.35), 
concrete (0.15) 

External walls Gypsum (0.025), concrete (0.23), light 
insulation (0.35) 

Internal walls Gypsum (0.025), light insulation (0.035), 
Gypsum (0.025) 

Material and 
thickness (m) 

Roof Gypsum (0.02), light insulation (0.4), 
concrete (0.15), Tar paper (0.005) 

Central air handling 
unit (L/s.m2) 

2 

Thermal bridges 
(W/(m2.K)) 

0.01 

Ventilation  

Air change rate at 50 
Pa (ACH) 

0.5 

Equipment 7 units, 160 W/unit 
Lights 5 units, 60 W/unit 

Internal gains  

Occupant 3 persons, Activity level 1 MET 
Domestic hot water  Average hot water use 

(L/occ) 
50 

 

A typical house living occupancy profile was adopted assumed from IDA ICE database shown 

in Figure . Lights and equipment were considered having an identical consumption pattern. 

 

Figure 22 Occupancy gain profiles in the building. a) occupant precences, b) equipment and light 
consumption intensities. 

The sizing process for the described system was done starting from the investigation of the 

load requirements for the system. The equipment were designed for maximum annual load. 

This could lead to an oversized system. However, since for the proposed system there are no 

auxiliary systems provisioned, it was considered that TCCO2HP should be able to cover the 

entire load. Figure 23 Energy consumption profile of the building in the studied year., shows 

the annual energy consumption of the building during the design day, as well as temperature 
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variations. Heat demand in the winter peaked up near 3750 W in the winter. Hot water 

demand was almost 500 W at maximum all year around. The energy profile of the building 

suggested the need for a maximum 6 kW heat rate capacity on the coldest hour -22°C.  

 

Figure 23 Energy consumption profile of the building in the studied year. 

2. Transcritical CO2 heat pump 

The TCCO2HP components were sized according to the examples of previous studies on similar 

size of the system. Previous studies have shown high sensitivity of TCCO2HP operation to 

design of the system. Meanwhile, designing a tailored TCCO2HP for a residential application 

might require a systematic sizing approach as discussed in [72]. Nevertheless, previous 

studies, in particular, a series of experimental studies in [72, 75] on design and operation of 

TCCO2HP by  on water-water heating application provided remarkable amount of design 

configuration data that was used as a guide. In Simscape, the compressor block was 

parametrized based on the mass flow rate of refrigerant and nominal shaft speed. Other 

design variables include nominal values of volumetric efficiency, pressure ratio, inlet 

conditions, mechanical efficiency, and polytropic exponent.  In this study a BITZER transcritical 

compressor with the following specifications was selected. Heat pumps compressor was 

considered a transcritical 2MTE-4K model manufactured by BITZER company. BITZER provides 

an online design calculation tool which reports nominal output and input powers, as well as 

other system parameters such as discharge temperature, mass flow rate for a given pressure 
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range and superheating degree. A similar software called CoolPack was used to analyse the 

vapour compression cycle of a generic heat pump, where the data from BITZER was used to 

calculate the missing data such as efficiencies, and rated COP.  

The model of the TCCO2HP that described in previous chapters was based on physical 

relations and interactions of the components. Hence, an accurate model for the working fluid 

was needed. In this study the CO2 properties were collected from The National Institute of 

Standards and Technology (NIST) database. The database included the value of enthalpy, 

internal energy, enthropy, density, viscousity, thermal conductivity, specific heat capacity. 

These data were used in a “Two-Phase Fluid Properties (2P)” block in Simscape, used to 

propagate the CO2 properties to each calculation point. 

3. Water tank sizing 

The size of the HWT was determined from the DHW demand of the household. The total hot 

water consumption was considered 200 L/day. The TES was sized according to the cumulative 

heat demand curves. As shown in Figure , for most of the year the heat demand was below 

60% of the peak load (near 97% of the year). Hence, TES was assumed to have a 40% capacity 

of peak energy demand (𝐸𝑚𝑎𝑥). The volume of the TES was calculated as: 

𝑉𝑡𝑒𝑠 =
0.4𝐸𝑚𝑎𝑥

𝜌𝐶𝑝∆𝑇𝑚𝑎𝑥
 4-1 

 Where, ∆𝑇𝑚𝑎𝑥 represent the temperature difference of complete discharge. The volume of 

the tank for the proposed system estimated as 50 litre for a discharge capacity of 2.4 kW.  

 

Figure 24 Cumulative curve of energy consumption during a year. 
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Simulation scenarios 

The case study investigated the proposed MPC system in comparison to a conventional 

controller (CC) scenario . In CC scenario, two proportional controllers were used to maintain 

the indoor and HWT setpoint temperatures by adjusting the mass flow rates. one PI controller 

was dedicated to TCCO2HP expansion valve. The valve controller maintains the compressor 

discharge pressure. The compressor speed was kept constant.  

In MPC scenario, all controllers were replaced by an MPC framework which performed the 

control actions as explained in previous chapter.  

The simulations were performed on 3 example days, namely Winter, Spring, and Summer 

cases. These cases featured different heat demand profiles. Winter case was characterized by 

high space heating and DHW demand, as well as generally lower solar gains. Spring day 

simulated a moderate load on the system, while sudden changes of loads and disturbances 

were expected. Finally, the summer condition represented a hot water production only 

situation. In all scenarios the temperature of the surrounding ground was assumed to be 

constant for the duration of simulations.  

5. Results 

This chapter presents a evaluation of the residential heating system using ground source 

TCCO2H. Initially, the focus was on a comparative analysis of the heat pump's operation and 

the influence of the MPC control approach under various conditions. Subsequently, the 

chapter delves into a detailed analysis of the data derived from this performance, exploring 

metrics related to costs, efficiencies, and other pivotal indicators that provide insights into 

the system's overall effectiveness and efficiency. 

The endeavor to implement a linear Model Predictive Control (MPC) model on simplified 

physical models in MATLAB was fraught with challenges, particularly when aiming for the 

efficient operation of the MPC controller. A primary concern, which was anticipated, 

stemmed from the significant divergence of the linear model from the actual nonlinear 

Simscape system. This divergence is not merely a static issue; it exacerbates as the system's 

operating point drifts away from its nominal condition. 
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Drawing from control theory, it's well-understood that linear models are approximations of 

the real-world systems they represent. While they simplify the complexities for ease of 

analysis and control, they inherently introduce errors, especially when the system operates 

in regions far from the point of linearization. This is a fundamental limitation of linear models, 

and the observed deviation in our study is a manifestation of this inherent challenge. 

Given this context, a reactive control scenario emerged as a more fitting choice. The rationale 

behind this is the relatively lenient demands it places on the dynamic behavior of the system, 

especially when compared to the MPC. In our study, the conventional control was an 

ensemble of several Single Input Single Output (SISO) controllers. Each of these controllers 

was tailored to address a specific control task, allowing for a more compartmentalized and 

focused approach. This modular nature of SISO controllers can sometimes offer more 

flexibility in tuning and adapting to specific subsystem behaviors. 

Contrastingly, the MPC's approach was holistic. It didn't operate in isolation but took into 

account all objective functions when determining control moves. While this integrated 

approach has its merits, especially in systems where interactions between components can't 

be ignored, it also introduces complexities. In our study, the introduction of multiple 

constraints, particularly those ensuring the safe operation of the heat pump, further 

constrained the MPC's decision-making capabilities. The MPC, by design, is a predictive 

controller that uses a model of the system to predict future outputs and determine control 

actions that minimize a certain objective function over a prediction horizon. When numerous 

constraints are added, the optimization problem that the MPC needs to solve becomes more 

complex and potentially more restrictive. 

In comparison, the PI system, with its reactive nature, was less encumbered by these 

constraints. It responded to errors as they occurred, without the need for predictive modeling 

and the associated constraints. This made its decisions, in some respects, more flexible than 

the MPC in our specific application. 

In conclusion, while MPC offers a robust and integrated control approach, its efficacy, 

especially when based on linear models, can be compromised in systems with significant 

nonlinear behaviors. The choice between MPC and more conventional control strategies, like 

PID, hinges on the specific requirements and constraints of the system in question. Figures 
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below show the diferrence between the two control technologies in tracking the hot water 

tank and indoor temperature. 
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6. Discussion 

The realm of control systems has witnessed a plethora of methodologies, each with its unique 

advantages and challenges. Among these, the Model Predictive Control (MPC) has garnered 

significant attention due to its predictive nature and ability to handle multi-variable systems. 

However, the practical implementation of MPC, especially linear versions on platforms like 

MATLAB, presents its own set of challenges. This chapter delves into the intricacies of such 

an implementation, juxtaposing it with conventional control strategies. 

Linear MPC vs. Nonlinear Realities 

At the heart of our discussion is the inherent divergence of a linear MPC model from the actual 

nonlinear system, as represented in Simscape. Linear models, by design, are approximations 

tailored for ease of analysis and control. However, they introduce errors, especially when the 

system operates in regions distant from the point of linearization. As our study revealed, this 

divergence amplifies as the system's operating point strays from its nominal condition, 

leading to potential inefficiencies and inaccuracies in control. 
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The Merits of Reactive Control 

Given the challenges with linear MPC, a reactive control scenario, particularly the PID 

controller, emerged as a more apt choice. The PID controller, being reactive, responds to 

system errors as they occur, without the complexities of predictive modeling. Its modular 

nature, especially when implemented as several SISO controllers, offers flexibility in tuning 

and adapting to specific subsystem behaviors. This compartmentalized approach, where each 

controller focuses on a specific control task, can sometimes provide more precise control, 

especially in systems with pronounced nonlinearities. 

The Holistic Approach of MPC 

Contrary to the modular nature of SISO controllers, MPC adopts a holistic stance. It integrates 

all objective functions when determining control moves, ensuring a comprehensive control 

strategy. While this integrated approach is beneficial in systems with significant inter-

component interactions, it also introduces complexities. In our study, the addition of multiple 

constraints, especially those related to the safe operation of the heat pump, made the MPC's 

decision-making process more intricate and, at times, restrictive. 

7. Conclusion 

The exploration into the implementation of linear MPC in MATLAB has underscored the 

nuanced interplay between theoretical control strategies and their practical applications. 

While MPC offers a promising avenue for integrated and predictive control, its linear 

incarnation can grapple with challenges, especially when confronted with pronounced 

nonlinear system behaviors. Reactive control strategies, such as PID, have showcased their 

resilience and adaptability in certain scenarios, emphasizing that no single control strategy is 

universally supe Future Research Directions: 

Nonlinear MPC Implementation: Given the discrepancies observed with linear MPC, a natural 

progression would be to delve into nonlinear MPC implementations. This could potentially 

bridge the gap between the model and the actual system dynamics, enhancing control 

accuracy. 
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Hybrid Control Systems: Investigating a hybrid approach, where predictive strategies like MPC 

are combined with reactive strategies like PID, might yield a system that leverages the 

strengths of both methodologies. 

Adaptive MPC: Research into adaptive MPCs, which can adjust their models in real-time based 

on system feedback, could provide a dynamic solution to the challenges observed. 

Machine Learning and Control: With the advent of AI and machine learning, there's potential 

to integrate these technologies into control systems. Machine learning algorithms could be 

employed to refine and adapt control strategies in real-time, enhancing system performance. 

Real-world Testing: Beyond simulations in environments like MATLAB, real-world testing of 

these control strategies on physical systems will provide invaluable insights, helping to bridge 

the gap between theory and practice. 

In essence, the journey into optimizing control strategies is a continuous one, with each study 

paving the way for more refined and effective solutions.rior. 
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